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Abstract

These notes outline the steps and analysis for approximating the inverse of a linear operator with
Chebyshev polynomials, with an example on Tikhonov-regularized image reconstruction. Code can be
found here.

Notation Unless denoted otherwise, || · || = || · ||2. F denotes the field of numbers; the results hold for
R and C. Regular lowercase letters, e.g., x, denote scalars. Bolded lowercase letters, e.g., x, denote vectors.
Uppercase regular letters, e.g., X, denote matrices. Caligraphic uppercase letters, e.g., X , denote tensors.

1 How to approximate the inverse

1.1 Normalize the operator A

Given A ∈ Sn++ =⇒ ∃A−1 with λA ∈ [λ−,λ+], λ− > 0.
Let α = 1

2 (λ+ − λ−), β = 1
2 (λ+ + λ−). Define g : [λ−,λ+] → [−1, 1]:

g(λ) =
2(λ− λ−)

λ+ − λ−
− 1 =

2λ− (λ+ + λ−)

λ+ − λ−
= α−1(λ− β)

λ(x) = g−1(x) =
1

2
[x(λ+ − λ−) + (λ+ + λ−)] = αx+ β

where λ(x) recovers the eigenvalues from the normalized operator. We map the spectrum to [-1,1] because
Chebyshev polynomials are optimal in max absolute among all d-degree polynomials on this range. Since A
is symmetric positive definite (SPD), we can exploit its spectral function property:

A ∈ Sn++ =⇒ A = UΛU ′

=⇒ g(A) = α−1(A− βI) = Ug(Λ)U ′

Let Ā = g(A) =⇒ A = λ(Ā). It follows, then that approximating the inverse reduces to univariate
Chebyshev approximation on using g(Ā).

1.2 Compute Chebyshev coefficients for A−1

There are two objectives for approximating the inverse:

1.

min
pd

max
λ∈[λ−,λ+]

| 1
λ
− pd(λ)| = |1− λpd(λ)

λ
| (1)

2.
min
pd

max
λ∈[λ−,λ+]

|1− λpd(λ)| (2)
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https://github.com/zstoebs/site_nbs/blob/main/cheby.ipynb


Figure 1: Degree-3 Chebyshev polynomial that approximates the regularized inverse NUFFT. κ(T (A;µ) =
A′A + µI) ≈ 46675, κ(pd(A;µ)T (A;µ)) ≈ 1.9, which implies that the approximate inverse pd(A;µ) almost
inverts the action of T (A;µ).

For inverse problems, (2) is more closely related to the propagating error, i.e., ek ∝ (I − pd(A)A′A)ke0, for
iterative solvers and is well-studied [1, 2]. The optimal polynomial is given by:

rd+1(λ) =
Td+1(g(λ))

Td+1(g(0))
, pd(λ) =

1− rd+1(λ)

λ
(3)

which is a direct consequence of the minimax theorem for Chebyshev polynomials [3, 4]. For a proof of
the minimax theorem, check out these notes.

Remarks:

• Since rd+1(λ) ≈ 1− λpd(λ), solve for pd.

• Dividing by Td+1(g(0)) makes the (d + 1)-degree polynomial monic, which allows invocation of the

minimax theorem. Hence, rd+1(λ) =
Td+1(g(λ))
Td+1(g(0))

is the optimal polynomial.

• (1) addresses the absolute error of the approximate inverse whereas (2) addresses iterative error prop-
agation.

• (2) has a closed-form solution w.r.t. the full Chebyshev series, whereas interpolating 1
λ requires trun-

cating the Chebyshev series.

• Since Chebyshev polynomials satisfy Tm(−x) = (−1)mTm(x) [4], Td+1(g(λ))
Td+1(g(0))

= Td+1(−g(λ))
Td+1(−g(0)) .

1.3 Evaluate the polynomial

Note that a polynomial can be refactored as follows:

a0 + a1x+ ...+ adx
d = a0 + x(a1 + x(a2 + ...+ x(ad−1 + adx)...))

Clenshaw recurrence (Algorithm 1) for truncated Chebyshev polynomials allows evaluating a d-degree poly-
nomial in O(d) forward applications.

Algorithm 1 Truncated Chebyshev Clenshaw recurrence

Require: coefficients {c1, ..., cd}, operator Ā
bk+1, bk+2 = 0
for k = d− 1, ..., 0 do

bk = ckI + 2Ābk+1 − bk+2

bk+2 = bk+1

bk+1 = bk
end for
P = c0I + Ābk+1 − bk+2

return P

2 Analysis

Theorem 2.1. (convergence bound) For a linear operator A ∈ Sn++ and a d-degree Chebyshev polynomial
given by (3):

||I −Apd(A)|| ≤ 2ρ−(d+1) (4)
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(a) (b)

Figure 2: Comparison of solving regularized INUFFT with CG (left) and Chebyshev PCG (right). PCG
converges in fewer iterations.

where ρ =
√
κ+1√
κ−1

.

Proof: Note that

||I −Apd(A)|| = ||rd+1(A)||
= max

λi

|rd+1(λi)|

≤ 1

|Td+1(g(0))|

=
1

|Td+1(
λ++λ−
λ+−λ−

)|

where the first equality comes from (3) and the second equality follows from the spectral function property
and definition of the spectral norm. The inequality follows from the property max |Tn(x)| = 1 [4]. The final
equality follows from the property Tm(−x) = (−1)mTm(x). Using the definition for a d-degree Chebyshev

polynomial Td(x) =
1
2 [(x +

√
x2 − 1)n + (x −

√
x2 − 1)n], one can simplify and show that Td+1(

λ++λ−
λ+−λ−

) =
1
2 (ρ

n + ρ−n). Since κ ≥ 1 =⇒ ρ−1 < 1, it follows that:

1

|Td+1(
λ++λ−
λ+−λ−

)|
=

2

ρd+1 + ρ−(d+1)
=

2ρ−d+1

1 + ρ−2(d+1)
≤ 2ρ−(d+1)

□

Corollary 2.1.1. (approximate inverse error) Under the same conditions as 2.1:

||A−1 − pd(A)|| ≤ 2

λ−
ρ−(d+1) (5)

Proof: Follows directly from 2.1 and the sub-multiplicativity of the spectral norm:

||A−1 − pd(A)|| = ||A−1(I −Apd(A))|| ≤ ||A−1|| ||I −Apd(A)|| ≤ 2

λ−
ρ−(d+1)

□

Theorem 2.2. (degree complexity) With the same setting as 2.1, to achieve an ε-accurate approximate
inverse requires degree d on the order of:

d = O(
√
κ log(

1

ε
)) (6)

Proof: To achieve ε accuracy requires:

||I −Apd(A)|| ≤ 2ρ−(d+1) ≤ ε.
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Solving for d on the right equality gives:

d ≥
log( 2ε )

log ρ
− 1. (7)

The worst-case scenario is that κ is large s.t. ρ ≈ 1 =⇒ log ρ ≈ 0 =⇒ d → ∞. To find the rate at which
this grows, we proceed by analyzing the Taylor expansion of log ρ. First, we decompose and rearrange log ρ:

log ρ = log(

√
κ+ 1√
κ− 1

) = log(
1 + κ− 1

2

1− κ− 1
2

) = log(1 + κ− 1
2 )− log(1− κ− 1

2 )

Let f(x) = log(1 + x)− log(1− x). The terms have the following Maclaurin series:

log(1 + x) = x− x2

2
+

x3

3
− x4

4
+ ...

log(1− x) = −x− x2

2
− x3

3
− x4

4
− ...

Hence, f(x) = 2(x+ x3

3 + x5

5 + ...). Note that the Maclaurin series for log(x− 1) does not exist since log(−1)
so the rearrangement above is necessary. It follows then that:

log ρ =
2

κ
1
2

+
2

3κ
3
2

+
2

5κ
5
2

+ ...

Using the first-order Taylor approximation for large κ implies that log ρ ≈ 2√
κ
+O(κ− 3

2 ). Substituting into

7 yields the complexity 6. □
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